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Introduction

Crowded Space Environment

European Space Agency Space Debris Environment, 2026 reported [1] :
e 47,140 number of tracked objects
e More than 660 break-ups, explosion, collision or anomalous events
e 1.5 million space debris in orbit

Objects in Orbit
Image by ESA Space Debris Environment [1]

Count evolution by object type
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[1] ESA Space Debris Office, ‘ESA'S ANNUAL SPACE ENVIRONMENT REPORT’, 2025. Accessed: Apr. 01, 2026. [Online]. Available: https:/www.sdo.esoc.esa.int/environment_report/Space_Environment_Report_latest.pdf UN
[2] "Satellite Tracker — Live Map of Starlink & 30,000+ Satellites," satellitemap.space. https://satellitemap.space/ (accessed Nov. 3, 2026) SYONEY
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Problem Definition

Orhbit hypothesis
i
01 02
Orbit A
Tracklet association problem, requiring two tracklets for two LOS [3] Tracklet-to-Orbit Manoeuvre Estimation illustration by [4]
Too-Short-Arc Problem Manoeuvred Objects

Manoeuvre Detection Tracklet-to-Orbit Association

Did a catalogued object manoeuvre? Which Catalogued Object, if any,
If so, is the tracklet consistent to it? produced the tracklet?

[3] R. Serra, C. Yanez, and C. Frueh, ‘Tracklet-to-orbit association for maneuvering space objects using optimal control theory’, Acta Astronaut., vol. 181, pp. 271-281, Apr. 2021, doi: 10.1016/j.actaastro.2021.01.026. UNSW
[4] A. Pastor, G. Escribano, M. Sanjurjo-Rivo, and D. Escobar, ‘Satellite maneuver detection and estimation with optical survey observations’, J. Astronaut. Sci., vol. 69, no. 3, pp. 879-917, Jun. 2022, doi: 10.1007/s40295-022-003 %115,



Missing 2 of the 6 state dimension
unobserved (p, p)

Range/Range-rate CAR
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angles and angle-rates z (t;) C t I Th
att_b ] e ontro eOry
. < (il)
— : T : :
A=, 6,9, 0 b Romain Serra, Carlos Yanez, Carolin Frueh
S 4 Date: April 2021
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10 - 0.0 - Semi-major axis (km) 42,165.267
i py—_ | Eccentricity 0.0004854
_— |
2 / Inclination (deg) 0.0666
g | Argument of perigee (deg) 97.923
m
0
% Right Ascension of ascending node (deg) 28.890
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—10 - Nominal Orbit [3]
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[3] R. Serra, C. Yanez, and C. Frueh, ‘Tracklet-to-orbit association for maneuvering space objects using optimal control theory’, Acta Astronaut., vol. 181, pp. 271-281, Apr. 2021, doi: 10.1016/j.actaastro.2021.01.026.
LW
[4] A. Pastor, G. Escribano, M. Sanjurjo-Rivo, and D. Escobar, ‘Satellite maneuver detection and estimation with optical survey observations’, J. Astronaut. Sci., vol. 69, no. 3, pp. 879-917, Jun. 2022, doi: 10.1007/s40295-022- 15,



Range/Range-rate CAR
Continuous Energy-Optimal
Control Theory

Each dot: a p guess

Continuous thrust u(t)

achamonra pouess ROMAIN Serra, Carlos Yanez, Carolin Frueh
Pair = full6-Dx b Date: April 2021

Limited by the CAR

Full-state gap &x \:H'“---.x_

o o e Manoeuvred Objects:
Coast: no thrust Tt eell ® \ ~
_ \ ° ° ° ?
Catloquex.a ot Lo Reference at b \ How much effort would this link require?
\
N station An alternative to the fuel expenditure [3]:
lu®II® - N 1 to )
Cost for one guess Pairing score G2 (11) — 5 / HU.(’T) H 2 dr
— G, = Y2f|u||* dt — Gz* = min G; ta
| Least-energy thrust to x_b | Qver all (p, p) iIn CAR |
s w - l " is the energy cost.
Aboutle-sorbelow | | fe-5 to Te-3 1 [ Aboutie-zorabove | Least control effort that connects the catalogue state to the
No thrust needed Manoeuvre band J | Implausible: reject ] traCklet

Schematic created with Al assistance (Claude); reviewed by the author. Not to scale.

[3] R. Serra, C. Yanez, and C. Frueh, ‘Tracklet-to-orbit association for maneuvering space objects using optimal control theory’, Acta Astronaut., vol. 181, pp. 271-281, Apr. 2021, doi: 10.1016/j.actaastro.2021.01.026.

P6




High Noise Floor

Measurement noise significantly influences the
results.

Causing wide spread of results.

AV-Based Metric
G, as a relative ranking score, not a physical
manoeuvre-energy or impulsive- AV estimate.

Comparison to Boundary Value Problem (BVP)
Both works sample for range/range-rate pairs.

Limi
Rese
Extens




Hypothesis and Predictions

Boundary Condition Control Model Initial Guess
Serra et al. Range/Range-rate Continuous Burn Needed

This Methodology Range/Range Impulsive Burn Not Needed
Prediction Supported if

C the M1 d for both The BVP spread is smaller

The BVP metric is more Sl .e SR : ;
H1 , methods using the same station, across epochs by at least 5
concentrated than IVP metric. . :
noise, and cases. magnitudes.
The BVP separates M1 from M2- Apply o.ne.thre.shold set from the The BYP meets is able to
H2 M1 distribution and compare conclusively separate M2-M5

M5, but IVP does not.

detection and false-alarm rates.

manoeuvred.
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Optical tracklet att b Catalogue orbit att_a
Angles only: line of sight u_b Knownr a v a
Range/Range CAR Split the catalogue state I
Scan of p_b along line of sight r ato Lambert, v_a to score
End pointr_b ra

Position only, att b

Lambertarcr_ator_bin At
Keep admissible arcs (a, e, i), all N

Compare att a, perp b
G2 =% [v1 —va|*2 | At

Minimise over the CAR
One G2 and Av per object

Schematic created with Al assistance (Claude); reviewed by the author. Not to scale.

Methodology

Lambert Range/Range BVP

Lambert Arc

Rangefrange (BVP)

Transfer orbit  Battin Frame [5]

two epochs, positions only

) f””Hfﬁ#_d_ﬂ_h_hﬁ‘ﬁﬁh““ﬂaaa-
ta / e ty

cataloguer,v_catatt_a
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vp(ts) | |re| O ~—_ J‘If
. R
F 74| P, 7Ta(ta)

Total Constraints (single-rev) — M1-M5 true pairs, At = 20 h

6.6

6.4

6.2

Earth cg‘j 6o
Y

score: smallest ||v, - v_cat|| over p, (blue arc) >
error = angle error x range, spread over the arc

Schematic created with Al assistance (Claude); >0
reviewed by the author. Not to scale.

Range/Range
. 5.6 5.8 6.0 6.2 6.4 6.6
CAR built 02 Re

[5] Y. Yang, Z. Li, H. Cai, and Y. Zhang, "Single-/multiple-revolution Lambert's problem constraints for optical track-to-track association," AAS preprint 21-671.
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Impulsive Burn at

Av(p) = Hvlfmu(ta) — Veat(ta) | C

Methodology

—— S —

Teat {Th}

(no-burn prediction) Afvta (p) — H V%ambert L Vcat (ta) H

a1 |Avy, (p)|?
" 9 TOF

TOF =t, —t,

-
L.
-
-

r(t,) observed
Teat(ta) (tracklet epoch t;)

last catalogue epoch ¢,

Lambert arc
!rr =3 ih

burn epOCh fixed: tm = ta schematic, not to scale

Schematic created with Al assistance (Claude); reviewed by the author. Not to scale.




Simulated Data Sets

T1 3 20 0.7 0.404
T2 11 4 0.27 0.081
Simulated Noise [3]
No Manoeuvre
Continuous Burn
M1 A‘/true — O’ITL/S
M4 Longitude shift with circular drift (0.51
deg/day) correction.
. Total AVipe = 1.448m/s
North-South Impulsive Burn Continuous manoeuvre for 72 minutes
M2 A‘/Ifrue — 2m/3
North-South Station Keeping Continuous Burn
M5

Tangential Impulsive Manoeuvre

M3 AV, = 1.448m/s
Longitude shift for eccentric drift correction.

[3] R. Serra, C. Yanez, and C. Frueh, ‘Tracklet-to-orbit association for maneuvering space objects using optimal control theory’, Acta Astronaut., vol. 181, pp. 271-281, Apr. 2021, doi: 10.1016/j.actaastro.2021.01.026.

Longitude shift with circular drift (1.28

deg/day) correction.
Total AVipye = 3.634m/s
Across two continuous manoeuvres, each

undertaken for 3 hours. Simulated Data sets [3]
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BVP vs. IVP

Concentrated Energy Metric, noise has

Spread of Energy Metric limited affect

Large Spread across several magnitudes

Successful separation between M1 no-
Detecting Maneouvre maneouvre spread and M2-M5 maneouvred Unable to separate between M1-M5
cases




Separated by
only time epoch
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Simulated Results M2-M5 T,

20h & 44h
Our BVP Results
M2 BVP (Impulse Burn 2m/s) Cross-Track M3 BVP (Impulse Burn 1.448m/s) In-Track
N - Serra et. al. IVP Results
_ 1
Epoch separation: 00 Case M2 100 Case M3
over a window At. G2 Energy Metric 801—~ T1— 44 hours |7 /7 ) 81— TL—ad hours | [T/
y &, g01—— T2 — 20 hours |-f-fifroeivemercee & 60— 12— 20 hours T L
2 [ S gol== T2-tdhours L} [ S - 2-shows| [/
0.4 / f ' 1) f
Noise T1,T2, T3 20 [y AP I
0.21 having little to no 0_9 8 -7 -6 -5 -4 -3 _9 0_9 8 7 —6 -5 —4 -3 —9
I effect on results. Log of energy metric Log of energy metric
| I 070
"0 . : [ ! 7 . \ . . : . , | | (a) NS impulsive maneuver. (b) Longitude shift with eccentric drift.
-9 -8 -7 -6 -5 -4 =34 -2 -1 0 -9 -8 7 -6 -5 -4 -3 -2 -1 0
log of the Energy Metri log of the Energy Metric Case ﬁffél Case M5
M4 BVP (0.72m/s contigflous burn) M5 BVP (Continuous Burn) L — T1 — 20 hours | ;/ / 100=— T1 — 20 hours { .
1.0 - 1.0 80 _ Tl _ 44 hOTL’T’S ’uf ........... 80 - ,1_1 . 44 }I,O'U,?’S ............. ],i ...........
L‘c_‘ 60 —_— 1—2 — 20 .I’-!;D'I,LT'S l{ ...... ’J ........... L‘t_‘ 60 | — TQ —_ 20 hours ........... !'J ...........
S 40 = T2 ddhours \[ S ol - T2~ 44 hours
20 ............... i ........... 20 ........... ............ ...........
0.6 A 0.6 - M i fl O ; : : : 0 : ; : : :
é “8* it S Is flat b?CAa\l/JSG -9 -8 -7 -6 -5 -4 -3 -2 -9 -8 -7V -6 -6 -4 -3 -2
04 04 IS appar-en 1S Log of energy metric Log of energy metric
| | not fixed.
|Longitude shift with circular drift, 0.51 deg/day. (d) Longitude shift with circular drift, 1.28 deg/day.
. . Fig. 7. CDF of the logarithm of the energy metric for the M2 to M5 cases. Legend is the same as in Fig. 6.
Simulated Results |3
o1 T T ] I O S I N S Spread across 2-3 13
-~ -~ N _lig' Oftl_‘lg Ener;;Metr'iES ” o ’ -~ - N _lfi)g oft;xe5 Energ_;lMetr'i;3 _2 - ’ magnItUdeS .Of energy
metric.
T1 - 20 Hours T1 - 44 Hours == == == T2 -20 Hours == == == T2 -44 Hours Between Te-510 Te-2.

[3] R. Serra, C. Yanez, and C. Frueh, ‘Tracklet-to-orbit association for maneuvering space objects using optimal control theory’, Acta Astronaut., vol. 181, pp. 271-281, Apr. 2021, doi: 10.1016/j.actaastro.2021.01.026.

T1 and T2 shows clear
separation in results.
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|
t Detecting Manoeuvres ey Motre betas,
Cl, Energy Metric between
M1 (no-manoeuvre) and
Our BVP Results Clear distinction and Serra et. al. IVP Results M2-M5.
seperation between no- . Case M1 Overlapping.
Lo M1 B_VP ta (No Manoeuvre) manoeuvre and : Tl_m; — j i
d : {7 :
manoeuvred Energy 80‘_ =R e e
5 05 ) Metric , e ynys :
I R = , B Ny 4 G s s Angular-rate noise
_14 _12 10 8 _ 6 4 2 0 3 i : 5 : J 5 5 Contributing
log of the Energy Metric L e e B T T . S| n |f|cant erro rS
M2 BVP ta (Impulse Burn 2m/s) Cross-Track : g :
1.0 4 27 ([ GRREEEE T SRR S TR S S e e e ey o SRR
o8
a 0.5 0 - : :
© -9 -8 -7 6 5 4 -3 2
0.0 - i i | . : ' | Log of energy metric
-14 -12 -10 -8 -6 -4 -2 0 Case M2 Case M3
log of the Energy Metric 100 & T1 — 20 .-'I-O’ILT'Sl ' 100 |_ Tl — 20 hours {i
M3 BVP ta (Impulse Burn 1.448m/s) In-Track 801—~ T1—44 hours 7 )7/ 801— - 71 — 44 hours ,4'
1.04 E 60 {—— T2 —20 hours \f-[ 5 fi % 60 |— T2 — 20 hours - ‘
o S 40 ._——ET2—§44 :’;ours lrl_ | S 40 !——Eﬂ—fiél f?oumg 0 10 T
0.0 4 T T T T T T T ] e i g ] ] I |
-14 -12 -10 -8 -6 -4 -2 0 0 - - 0
log of the Energy Metric -9 -8 -7T -6 -5 -4 -3 -2 -9 -8 -7 -6 -5 -4 -3 -2
M4 BVP ta (1.448m/s continuous burn) Log of energy metric Log of energy metric
e (a) NS impulsive maneuver. (b) Longitude shift with eccentric drift.
é 05 i Case M4 100 Case M5
—— T1 — 20 hours — T1-— 20 hours |
0.0 - : : ; : : : : 80— - T1 — 44 hours 80— - T1 — 44 hours
-14 -12 =10 -8 -6 -4 -2 0 ] _ _ _ :
log of the Energy Metric l'a 60 __ g . ig iﬁ:ﬁ % 60 '_ _ g _ 32 232?2
M5 BVP ta (Continuous Burn) O 40 1 St O 40— —1"
0 20 |- 20
a 0.5 0 : i ! : 0 - : : :
-9 -8 -7 -6 -5 -4 -3 -2 -9 -8 -7 -6 -5 -4 -3 -2
0.0 Log of energy metric Log of energy metric
~14 ~12 10 -8 6 4 2 0

log of the Energy Metric

(¢) Longitude shift with circular drift, 0.51deg/day. (d) Longitude shift with circular

drift, 1.28 deg/day.

Fig. 7. CDF of th

s '] - 20 Hours

T1 - 44 Hours e T2 - 20 Hours — = T2 - 44 Hours

« Absolute no-thrusting threshold ~1e-6
» Unrealistic association above ~1e-2

Empirically concluded that:

«Simulated Results [3]

UNSW

[3] R. Serra, C. Yanez, and C. Frueh, ‘Tracklet-to-orbit association for maneuvering space objects using optimal control theory’, Acta Astronaut., vol. 181, pp. 271-281, Apr. 2021, doi: 10.1016/j.actaastro.2021.01.026.
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Geometrical Singularity Limitation of Lambert Solver

r1 and r2 are collinear,
transfer plane is undefined.

Schematic created with Al assistance (Claude); reviewed by the author. Not to scale.

bert solver geometric singularity at transfer angle 8 = kn (near-GEO)

Geometric singularity of the Lambert problem: transfer plane undefined when 6 = kn

(a) 0 <© < m : unique transfer plane (b) 8 = n (At = T/2) : plane undefined c) ©=2n (At = T): plane undfined

Transfer-plane conditioning
h - o - = ! ! 3 ! !

0.5

rrz
=
=

1

_ | xr)

|sin 8|

(b) Recovered:departure velocity vs truth

transfer arc

10° 4 = 0.1 km cross-track error :
] = 1 km cross-track error

W 1024 ---- At=kT/2 (T/2=11.97 h, 6 = kn)
c E
ri and rz span one plane, so the orbit normal r1 X r; = 0: every plane hinged on the ry line After one full revolution rz points back along ri. ;CJ
h=r1 % r2/|r X r2| is well defined. fits the boundary conditions. A tiny cross-track Same degeneracy, repeating every half period: y
error decides the plane — w1 diverges. B=kn e At=kT/2=11.97 h x k (GEO). +
@
:
= ry (position att;) === Lambert transfer arc —— candidate transfer planes / normals h () Earth, centre O (not to scale) =l
= 1, (position att;) —— reference (GEO) orbit - common hinge line through r;
Schematic created with Al assistance (Claude); reviewed by the author. Not to scale. |
10 0 1:I2 2:I4 3:I6 4:I8 6:I0 7':I2
Transfer angle seen from Earth'’s centre: \ S T T
r{r . riXro
cosf = L= |sm¢9|:u
ri7T2 172 :
Error in the recovered
On a circular orbit, the transfer angle grows linearly with time. departure velocity v1.
With mean motion n: Spikes about 3-4 orders of
magnitude.
__ /¥ _ 27
H(At) —’I?,At, n = PEE

[6] 1zzo, D. (2015). Revisiting Lambert’s problem. Celestial Mechanics and Dynamical Astronomy, 121(1), 1-15. https://doi.org/10.1007/s10569-014-9587-y.
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Impulsive Burn at Unknown £,
SO vl @%%% Methodology
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1 ’A’Utm (P) ‘ ?
2 TOF

TOF = t, — t,,

-
-~ -
-

-y

search interval

for t,, r(t;) observed

(tracklet epoch t;)

Teat (tﬂ,)
last catalogue epoch t,

coast on
catalogue orbit
g ¢ Lambert arc
T
f-.fl'.l > #I[}

faint dashed: other candidate ¢,, (Av minimised overt,,) _
schematic, not to scale

Schematic created with Al assistance (Claude); reviewed by the author. Not to scale.



Clear distinction and

CDF

CDF

CDF

CDF

CDF

[3] R. Serra, C.
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Yanez, and C. Frueh, ‘Tracklet-to-orbit association for maneuvering space objects using optimal control theory’, Acta Astronaut., vol. 181, pp. 271-281, Apr. 2021, doi: 10.1016/j.actaastro.2021.01.026.

|
seperation between no- D ete< :tl I | I\/I a ' l O e ' IV re S t Unable to seperate
manoeuvre and ™m Energy Metric between
manoeuvred Energy | | M1 (no-manoeuvre) and
Metric Serra et. al. IVP Results M2-M5.
Our BVP Results .
Case M1 Overlapping.
1N ) : - : =
M1 BVP tm (No Manoeuvre) ——— T1-20 hours | ' P p
g0{{——- TLl—4dhours [ i | 1 I SN & S—
—— T2-20 hours | : i/ by §
T2 — 44 hours | ! : ¥,
. SO e R Angular-rate noise
_ ] ] i ; ; ; . .
. . | . . | S e ; ; C L e contributing
-14 ~12 ~10 -8 -6 -4 -2 0 40 1 R A R iqnifi
log of the Energy Metric Slgnl ICa nt errors.
M2 BVP tm (Impulse Burn 2m/s) Cross Track ey e S S e e oo
1.0 - . . H ' : \
04 i |
0.5 - -9 -8 -7 6 -5 -4 -3 -2
Log of energy metric
0.04 | | | | | | | 100 Case M2 100 Case M3
—-14 —12 -10 —8 6 —4 —2 0 — T1 — 20 hours | g ; — T1 — 20 hours 4
log of the Energy Metric 801_ _ T — &4 hoairs T N — 804 __ _ T — 44 hours ;" c
M3 BVP tm (Impulse Burn 1.448m/s) In-Track  60f1— 72— 20 hours |-f- it & 601— T2 —20 hours |- T ;
1.0 4 Q —_ _ - ; &) N _ .
S 40 E1’2 | 44 f:mma !i b/ S 40 ET.Z 44 f?ofu;f.f;é | |
0.5 e S . - if PP NN S S {f"
0o 0 ] . : i ] {.] : ] : 1A |
' ' ' ' ' ' - ' -9 -8 -7 -6 -5 -4 -3 -2 -9 -8 -7 -6 b -4 -3 -2
—-14 -12 -10 -8 -6 -4 -2 0 . .
log o the Ensrgy Metic Log of energy metric Log of energy metric
M4 BVP tm (1.448m/s continuous burn) (a) NS impulsive maneuver. (b) Longitude shift with eccentric drift.
1.0 4
100 Case M4 100 Case M5
0.5 4 — T1 — 20 hours — T1 — 20 hours
80— - T1 — 44 hours 80—~ T1— 44 hours
0.0 | ! , . ! | | 60— T2 — 20 hours & 01— 72— 20 hours c
-14 -12 ~10 -8 -6 -4 -2 0 = — — 12 — 44 hours S — = 12 — 44 hours _
log of the Energy Metric © 40— B o o O 407 : 5 T {
M5 BVP tm (Continuous Burn) () feeeeereeees ......... ......... ........... | e IS SURSE SR SR c
1.0 4 I i : ! ] ] ;
0 0
-9 -8 -7 -6 -5 -4 -3 -2 -9 -8 -7 -6 -5 -4 -3 -2
9.5 Log of energy metric Log of energy metric
0.0 - . . . . . . . (c) Longitude shift with circular drift, 0.51 deg/day. (d) Longitude shift with circular drift, 1.28 deg/day.
—-14 -12 -10 -8 -6 -4 -2 0
e T s Fig. 7. CDF of the logarithm of the energy metric for the M2 to M5 cases. Legend is the same as in Fig. 6.
T1 - 20 Hours T1 - 44 Hours e T2 - 20 Hours == == == T2 - 44 Hours

Simulated Results [3]
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m— GSAT6 (40880) (n=9)
= GSAT10 (38779) (n=9)
== GSAT12 (37746) (n=9)

= = IRNSSIC (40269) (n=9) Real-data CDF per object: separation pulls IRNSS1C (dashed) right

IVP (range / range-rate CAR)

TAROT Results ¢,

BVP unknown t m (Serra 9-point) (range / range + Lambert)
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Just as Serra concluded from their IVP
results [3].
Unable to separate the GSATs clusters.

Though we can reject the unplausible
IRNSS-1C as the manoeuvred object.

IRNSS-1C

/} GSAT

- Line of nodes (where planes cross)

Tracklet (observed GSAT position)
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I I
- __|
! l
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Recreated TAROT Results [3] . S e <l :
Singularity Points
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' (n = 36 points)
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TAROT Results [3]

O

[3] R. Serra, C. Yanez, and C. Frueh, ‘Tracklet-to-orbit association for maneuvering space objects using optimal control theory’, Acta Astronaut., vol. 181, pp. 271-281, Apr. 2021, doi: 10.1016/j.actaastro.2021.01.026.
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Ongoing Work

Range/Range Continuous Energy-Optimal Control
Theory

Recreating Serra et al.'s work with indirect shooting approach.
Instead of implementing change in both boundary conditions (range/range) and
Control Model (Impulse vs. Continuous), only pick one.

Testing with more epochs (e.g. 24h, 72h)

Increasing the simulated epochs tests, to test the known Geometric Singularity
Limitation effect.

Comparative analysis and design to other
maneouvre recovery work

Neither Serra et al. nor Seeto et al. implemented a manoeuvre recovery framework.
Creating a comparison work of the AV in my work against others.

Further Real Data Sets Testing

Serra et al. stated that their real data test set is limited, especially noting that further
work should include EWSK station tests.
Our work should implement this test as well.
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